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Abstract

Dynamical electric field gradients due to lattice vibration in face-centered cubic
single crystals were calculated using the classical Born-von Karman model of the thermal
vibration of crystals. Numerical tables for several single crystals are shown for some

typical directions of propagating wave and at a few temperature.

§1. Introduction

The static electric field gradient at a nucleus of lattice atom of perfect cubic single crystal is
expected to be zero, because of the symmetry property of the extra-nuclear fields.

The propagating wave with a definite wave vector in a cubic crystal, however, can produce a electric
field gradient at a nucleus of the lattice atom. This kind of propagating wave plays one of the fundamental
roles in nuclear acoustic resonance phenomenal”%, because it is based on the interaction between the
oscilating electric field gradient and the nuclear electric quadrupole moment.

Furthermore, there were some speculative discussions®® on the interpretation of the result of angular
correlation between the successive gamma-rays in 1!!Cd which was embedded in cubic Ag single crystal.
Especially, the discussion by Narumi and Matsuo® stems from the estimation of the dynamical electric
field gradient due to thermal vibration, although whether or not it would be possible for the interpretation
of the experimental result by Zurich groupe® is still open for demonstration. Considering these situations,
it is work while to estimate the order of the dynamical electric field gradient in cubic crystal in classical
limit, in connections with the perturbed angular correlation in single cubic crystal and acoustic resonance

experiment.

§2. Formulation of the estimation of the dymanical electric field gradient in cubic crystal.
2.1 Vibration of cubic crystal

Here, we take Born-von Kéarman theory” to describe the motions of atoms in which each lattice point
is occupied by an atom with a mass M and a charge Ze. The face-centered cubic crystal (fcc) is treated
throughout this paper, although the extension to body centered cubic (bce) crystal is quite easy.

Fig. 1 shows the 12 nearest neighbors (n, n) and 6 next nearest neighbors in fcc crystal around the
origin. In the figure, symbol “a” denotes the lattice constant and the number at lattice point specify the
individual lattice atom.

These lattice atoms oscilate according to the allowed mode of vibrations. The electric field gradient
at 0th atom arises mainly from the relative displacements of outer 18 atoms. Using (ua, va, wa) for the
cartesian components of the displacement of nth atom form its equilibrium position, «@; for the force

constant between Qth atom and (n, n) atom, and a3 for that between Oth atom and next (n, n) atom, the
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Fig. 1. 12 nearest neighbors(A) and 6 next nearest neighbors (B) in fcc crystal lattice. Symbol
“a” denotes the lattice constant and the number at lattice point specify the individual
lattice atom.

equations of the motion of Oth atom are described by equation (1),
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Here, only the central forces between 0th atom and the outer 18 (n, n) atoms were assumed.

The solutions of equation (1) are assumed to be equation (2)

un=Axexp 27i (vt—k - rn)

va=Ayexp 2ri(vt—k + ra)

wn=A;z exp 2ni(vt—k + rp) 2
,where k (ki, ko, ki), ra and v are wave vector of propagating wave with |k| being the inverse of the
wave length, the position vector of nth atom and the frequency of the oscilation motion. Inserting equation
(2) into equation (1), equation (3) follows

[2—C1(C;+C3) +285:2— Q2] Ax+S1S2A57+S1S3A:=0

S1S:Ax+[2—C(C1+C3) +28S2— Q2] Ay+S:S3A:=0

S1S3Ax+S:S3A5+[2—C3(C1+Cs) +268S38 — Q2] A =0 (3)
with Si=sin(zkia)
Ci=cos(7k;a)
B=az/a;
Q=2nv2M/a, ' (4)

(2)
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In order that the equation (3) is fulfilled for Ax, Ay, Az except Ax=Ay=A;=0, the value v is

restricted to obey the secular equation (5) for a given wave vector k.

‘ 2—C1(Cy+GC3) +28S5:2— 02, S;1S;, SiSs
| 1Sz, 2—Cy(C1+C3) +28S:2—Q2, S,;Ss ‘
L S1Ss, SS3, 2—C3(C1+Cy) +28S2—Q2 =0 (5)

The equation (5) is the equation of 3rd degree of v?, so we have three values (vi, v;, v3) for a given
wave vector k. The relative amplitude 0x1, 0yl, P21 with 02,4 0%y1+0%1=1 are oltained from the
equation (3) in which the value v is replaced ty v (U=1, 2, 3).

The displacment of nth atom for the allowed vi takes the following form for a given k,

ug=Ajpxtcos 2 (vit—k « ra)
va=Alp0yicos2n(vit—k ¢ rn)
Wa=A10z1cos 2r (vit—Kk + ra) (6)

tecause un, va, wa should be real.

Physically speaking, Arpxz1, A10yl, A10:1 mean the x, y, z projection component of amplitude vector
A; with a specific direction.

The square of amplitude A; for a given frequency vi and temperature T is estimated as follows. The

average value of the amplitude of the allowed three dimensional oscilation is expressed as®
<AZ>= (% /2M) g (@) (1/0)coth (§ 0/2T) do @

,where o, %k, %, T are angular frequency of oscilation, Boltzman constant, Plank’s constant, aksolute
temperature of crystal and
g (0) = (3/wp?) w? for w=<wp
g(w)=0 for o<<wp
with Deltye angular frequency wp.
Using Delt ye temperature Tp which is connected with wp by % wp==%kTp, and relative frequency »R

=w/wp=Y/vp, the equation (7) transform to

<A?>= (30/872MAT o) | v® coth (TR /2T) v ®)
Hence, we can take

< A12>=(3h?/8722MFkTp)vR coth (TpyR/2T) (9)

The temperature dependence of electric field gradient comes only from the temperature dependence

of A7 shown in the equation (9).

2.2 Electric field gradient due to the displacement of the neighbor lattice atom.

The electric field gradient at Oth atom at rest due to the displacement of nth atom (dxa, dyn, dza)

from its equilibrium positon (X1, ya, za) takes the following form,
Vzz(n) =V”y(n) +V”x(n) dxa+Vy” (n) dyn+V”z(n) 4z
+V”xx(n) (4%2) 2+ V55 (0) (4y2) 2+ V22 (n) (422) 2
+V"xy (n) (4%a) (dya) +V"52 (n) (4ya) (420)
V7,2 (D) (d20) (dgg) 4--+vevremvmeremmmmmmmeenens 10

In order to apply this equation to the case of the thermal vibration of crystal, the displacements are
to be replaced as follows:

(3)
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dxn=un(t) —ug(t)
=Alpx! [cos 2rn (vit—k « rp) —cos 2av;t]
dya=va(t) —vo(t)
=A1py1[cos 2r (vit—k « ry) —cos 2myt]
dzy=wq(t) —w(t)
=Ap:l[cos 2 (vit—k + rp) —cos 27v1t] (1§)

,using the equation (6).

The electric field gradient V,: (k, /, T) at a given wave vector k, a specified / value and a
temperature T is obtained by the summing up over 18 (n, n) atoms and averaging over time. The Oth
order term of the displacement in V,. disappear due to the symmetry property of the cubic crystal,
summing up on n.

The odd order terms of the displacement in V;; is zero also, because the time average of the odd
power of the equation (11) equal to zero.

The time average of (4xa)? etc. reduces to the following form.

(dx2)2=A2px1?(1—cos 2 k « ra)
(dyn)?=As051*(1—cos 2r k « ra)
(420)2=A12021*(1—cos 2n k « ry)
(4x%0) (4ya) =A12021051(1—cos 27 Kk « ry)
(dya) (dza) =A1%py1021(1—cos 21k « rp)
(42z1) (d%n) =A20510x1(1—cos 2n k « r3) a2

In the approximation of the neglecting of the 4th order terms of the displacement to the 2nd order

term, Vs is expressed as
. 18 18 18 -
Ve (k, 1, T)= Elv”xx (n) (4xa)2+ Elv”yy (n) (dya)? + EIV"u (n) (4z2)?
n= n= n=
18 18
+ Elv”xy (n) (dxx) (dya) + Elv”yz (n) (AYn) (Azn)
n= n=

18 i _
+n¥1V”1y (n) (AZn) (AXn) a3)
,where

V”2x (D) = (3Ze/215) [1—5(zn—20)2/1a2—5 (Xn—X0)2/rn2+ 35 (xn—X0) 2 (20— 20) 2/T2?]

V7”55 (n) = (8Ze/2rs5) [1—5(20—20)2/1a?—5(yn—y0)?/ra?+35(ya—y0) 2 (20— 20) 2/rn’]

V7”22 (n) = (3Ze/214%) [3—30(za—20)%/ra?+35 (20— 20) #/12¢]

V”zy(n) =—(15Ze/ra") (xa—X0) (Yya—y0) [1—7(za—20)%/rs?]

V”y2(n) =— (15Ze/ra") (ya—0) (2a—20) [3—7 (2a—20)?/1a]

V”2x(n) = — (15Ze/ra?) (za—20) (xn—%0) [3—7 (Za—20)2/1x?] 14

§3. Numerical calculation

3.1 Brillouin zone

In the case of the thermal vibration of fcc crystal, the allowed wave vectors are restricted by a
Brillouin zone in reciprocal space (k space)l®. Fig 2 shows the Brillouin zone (in (A)) for fcc crystal and
the 1st octant (in (B) (ky >0, k2 >0, ks >0) of it bounded by 7 sheets in which 3 sheets make 3
characteristic boundary values of kj, kz and ks on ki, ks and kj axis respectively. The point made by 3

planes in k space is represented in 1/a unit.

(4)
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Fig. 2. Brillouin zone of fcc crystal lattice (A) and 1 st octant of it (B). The coordinates of a point
made by 3 characteristic planes in k space are expressed in 1/a unit.

3.2 Flow chart of our computer program

In numerical calculation of V., the relation between the force constants a;, @2 and the stiffness

constants cj1, C12, c44 was taken into account.

ad1=a XCy4
as=(a/4) (ci1—Ccrz—Cq4)
B=as/ay= (c11—C1z—Cua4) /44y 19

A computer program was built up following the flow-chart shown in Fig 3, in which input data was
lattice constant (a), atomic weight of lattice atom (M), stiffness constants of crystal (c1y, c12, c44), assumed
effective charge of lattice atom (Ze) and Debye temperature (Tp). The numerical values Ve k, I, T

were calculated for many allowed values of k in Brillouin zone and several values of temperatures.

§ 4. Result and Discussion

All kinds of fcc crystal constructed by a simple element were examined following the above-
mentinioned procedure. The lattice constant (a) was taken from ref.!'’, the atomic weight of lattice atom
(M) from ref!?, the stiffness constants of lattice (cy1, c12, c44) from ref.!® and the Debye temperature
(Tp) from refl!®. For the effective charge of lattice atom (Ze), the valence number!® adopted in a
calculation of Fermi energy of referred crystal was tentatively assumed.

The values of Vzz (k, /, T) on a crystal were calculated at 72 representative points in k space which
were taken as k=(n1/4, ny/4, nz/4) X1/a in 1st octant of Brillouin zone with integer nj, nz, n3 and 0<ny,
ng, n3<<4. The fcc-crystals examined by the procedure mentioned above were silver (Ag), alminum (Al),
gold (Au), copper (Cu), nickel (Ni), lead (Pb) and palladium (Pd).

The common features of the results of the calculations are as follows.

1. The value of V.. at a fixed (k, I) combination slightly increases with a raise of the tempertature.

2. The value of Viz at (n;=0, ny=0, n3=n=x0) and /=2 is always larger than that at (ni>0, nz>:0,

ns=n). Especially, the maximum value of V,, appeares at (n1=0, n;=0, n3=4) and /=2, namely

(5)
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Fig. 3. Flow—chart of the computer program

k=(0.0, 0.0, 1.0)x1/a and I=2.

3. The values of V;; at (my=n, nz=n, ng=n) always vanish unconcerned with the temperature.

4, The value of V;; averaged over all allowed values of k in Brillouin zone and [ values is practically

zero.

Table 1-7 show the calculated values of V:z at k=(0.0, 0.0, 1.0)x1/a and k=(1.0, 0.0, 0.0)x1/a
and at 2 temperatures, namely 300K (room temperature) and 700K, except the case of Pb in which the
temperature 500K is substituted for 700K because of the extremely low melting temperature (600K) of
Pb. In tables, the number with parentheses b (q) means px 101 and the upper numbers in the row of
A; and V,, are for the temperature 300K and the lower ones for 700K with the exception of 500K for
Pb. The values at k=(0.0, 1.0, 0.0) X1/a are easily obtained by the exchange of the number 1 and 3 in
row of and the exchange of the character pxs and oy in tables of k=(1.0, 0.0, 0.0) x1/a. Inspite of the
simple demonstration of the dependence of Vs on k, / and T and the order of the magnitude of V.,
these Vi: values are useful for the estimation of the order of the dynamical electric field gradient
experienced for the acoustic resonance experiment and the interpretation of the result of the pertubed

angular correlation experiment using crystal in a real state. It is well known that the electric field

(6)
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Table 1 Ag a=4. 078A M=107. 88 Ze=1 Tp=229K
cn=1.240x10"1 dyne/cm?
c12=0. 937 x 1012 dyne/cm?
cy4=0. 461 x 10'2 dyne/cm?
k=(0.00, 0.00, 1.00)x1/a
! 1 2 3
vi(s™H) 0.326(13) 0.461(13) 0.326(13)
Ox! 0. 000 0. 000 1. 000
0y! 1. 000 0. 000 0. 000
0zl 0. 000 1. 000 0. 000
Air(cm) 300K 0. 8838(—9) 0.898(—9) 0.888(—9)
700K 0.135(—8) 0.135(—8) 0.135(—8)
Viz(V/ecm?) 300K 0.222(15) —0.455(15) 0.222(15)
700K 0.510(15) —0.102(16) 0.510(15)
k=(1.00, 0.00, 0.00)x1/a
! o 2 3
vi(s™h) 0.326(13) 0.461(13) 0.326(13)
Oxl 0. 000 1. 000 0. 000
Oyl 0. 000 0. 000 1. 000
0zl 1. 000 0. 000 0. 000
Ai(ecm) 300K 0. 888(—9) 0.898(—9) 0.888(—9)
700K 0.135(—8) 0.135(—8) 0.135(—8)
\Tzz(V/cmz) 300K —0.171Q14) 0.227(15) —0.205(15)
700K —0.392(14) 0.512(15) —0.471(15)
Table 2 Al a=4.0415A M=26.97 Ze=3 Tp=375K
cni=1. 068 x 10'2 dyne/cm?
c12=0. 607 x 1012 dyne/cm?
cqa=0. 282 x 10!2 dyne/cm?
k=(0.00, 0.00, 1.00) x1/a
I 1 2 3
vi(s™) 0.508(13) 0.718(13) 0.508(13)
Ox! 0. 000 0. 000 1. 000
Oyl 1. 000 0. 000 0. 000
0z! 0. 000 1. 000 0. 000
Ar(em) 300K 0.110(—8) 0.113(—8) 0.110(—8)
700K 0.165(—8) 0.166(—8) 0.165(—8)
sz(V/cmz) 300K 0.107(16) —0.226(16) 0.107(16)
700K 0.240016) —0.485(16) 0.240(16)
k= (1. 00, 0.00, 0.00) x 1/a
! 1 2 3
vi(s™hH 0.508(13) 0.718(13) 0.508(13)
Ox! 0. 000 1. 000 0. 000
Oyt 0. 000 0. 000 1. 000
0zl 1. 000 0. 000 0. 000
Air(cm) 300K 0.110(—8) 0.113(—8) 0.110(—8)
700K 0.165(—8) 0.166(—8) 0.165(—8)
\-/—zz(V/sz) 300K —0.826(14) 0.113(16) —0.991(15)
700K —0.185(15) 0.242(16) —0.222(16)

C7)
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Table 3 Au a=4.0705A M=197.2 Ze=1 Tp=164K
cin=1. 923 x 1012 dyne/cm?
cr2=1. 631 x 1012 dyne/cm?
cu=0. 420 x 1012 dyne/cm?
k=1(0.00, 0.00, 1.00)x1/a
l 1 2 3
vi(s™h) 0.230(13) 0.325(13) 0.230(13)
Ox! 0. 000 0. 000 1. 000
Oyl 1. 000 0. 000 0. 000
Pzl 0. 000 1. 000 0. 000
Ai(em) 300K 0.912(—9) 0.917(—9) 0.912(—9)
700K 0.139(—8) 0.139(—8) 0.139(—8)
Vi:(V/em?) 300K 0. 237(15) —0.479(15) 0.237(15)
700K 0.548(15) —0.110(16) 0. 548(15)
k=(1.00, 0.00, 0.00)x1/a
) 1 2 3
vi(s™) 0.230(13) 0.325(13) 0.230(13)
Oxl 0. 000 1. 000 0. 000
oyl 0. 000 0. 000 1. 000
021 1. 000 0. 000 0. 000
Ai;(cm) 300K 0.912(—9) 0.917(—9) 0.912(—9)
700K 0.139(—8) 0.139(—8) 0.139(—8)
Vs (V/em?) 300K —0.182(14) 0.239(15) —0.219(15)
700K —0.421(14) 0.549(15) —0.505(15)
Table 4 Cu a=3.60775A M=63.54 Ze=1 Tp=343K
ci1=1. 684 x 102 dyne/cm?
ciz=1. 214 x 1012 dyne/cm?
cu=0. 754 x 1012 dyne/cm?
k=(0.00, 0.00, 1.00) x1/a
l 1 2 3
vi(s™) 0.511(13) 0.723(13) 0.511(13)
Oxl 0. 000 0. 000 1. 000
0yl 1. 000 0. 000 0. 000
0z 0. 000 1. 000 0. 000
Ai(cm) 300K 0.785(—9) 0. 805(—9) 0.785(—9)
700K 0.117(—8) 0.118(—8) 0.117(—8)
Vs (V/ecm?) 300K 0.321(15) —0.674(15) 0.321(15)
700K 0.716(15) —0.145(16) 0.716(15)
k=(1.00, 0.00, 0.00)x1/a
) 1 2 3
vi(s™h 0.511(13) 0.723(13) 0.511(13)
Oxi 0. 000 1. 000 0. 000
Oyl 0. 000 0. 000 1. 000
0zl 1. 000 0. 000 0. 000
Ai(cm) 300K 0.785(—9) 0.805(—9) 0.785(—9)
700K 0.117(—8) 0.118(—8) 0.117(—8)
V::(V/em?) 300K —0.247(14) 0.337(15) —0.296(15)
700K —0.551(14) 0.723(15) —0.661(15)

(8)



Dynamical Electric Field Gradient in Face~-Centered Cubic Single Crystal A9

Table 5 Ni a=3.52A M=58.71 Ze=2 Tp=413k
c11=2. 508 x 1012 dyne/cm?
c12=1. 500 x 1012 dyne/cm?
cuy=1.235x 1012 dyne/cm?
k=(0.00, 0.00, 1.00)x1/a
l 1 2 3
vi(s™) 0.672(13) 0.951(13) 0.672(13)
0xl 0. 000 0. 000 1. 000
Oyl 1. 000 0. 000 0. 000
0:z1 0. 000 1. 000 0. 000
Ai(cm) 300K 0.691(—9) 0.719(—9) 0.691(—9)
700K 0.102(—8) 0.103(—8) 0.102(—8)
Vee(V/em?) 300K 0. 562(15) —0.122(16) 0. 562(15)
700K 0.122(16) —0.248(16) 0.122(16)
k=(1.00, 0.00, 0.00) x1/a
) 1 2 3
vi(s™t) 0.672(13) 0.951(13) 0.672(13)
Pxl 0. 000 1. 000 0. 000
Oyl 0. 000 0. 000 1. 000
021 1. 000 0. 000 0. 000
Air(cm) 300K 0.691(—9) 0.719(—9) 0.691(—9)
700K 0.102(—8) 0.103(—8) 0.102(—8)
Viz (V/em?) 300K —0.432(14) 0.608(15) —0.518(15)
700K —0.937(14) 0.124(16) —0.112(16)
Table § Pb  a=4.9396A M=207.21 Ze=4 Tp=96.3K
c11=0. 495 x 1012 dyne/cm?
c12=0. 423 x 1012 dyne/cm?
cu=0. 149 x 1012 dyne/cm?
k=(0.00, 0.00, 1.00) x1/a
) 1 2 3
vi(s™D) 0.147(13) 0.208(13) 0.147(13)
0x! 0. 000 0. 000 1. 000
0yl 1. 000 0. 000 0. 000
0z1 0. 000 1. 000 0. 000
Air(cm) 300K 0.151(—8) 0.151(—8) 0.151(—8)
500K 0.195(—8) 0.195(—8) 0.195(—8)
\7-1:(V/Cm2> 300K 0.987(15) —0.198(16) 0.987(15)
500K 0.164(16) —0.329(16) 0.164(16)
k=(1.00, 0.00, 0.00)x1/a
! 1 2 3
vi(s™) 0.147(13) 0.208(13) 0.147(13)
0x! 0. 000 1. 000 0. 000
Pyl 0. 000 0. 000 1. 000
0z1 1. 000 0. 000 0. 000
Al(ecm) 300K 0.151(—8) 0.151(—8) 0.151(—8)
500K 0.195(—8) 0.195(—8) 0.195(—8)
Vee(V/cm2) 300K —0.759(14) 0.992(15) —0.911(15)
500K —0.126(15) 0.164(16) —-0.151(16)

(9)
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Table 7 Pd a=3.884 M=106.4 Ze=2 Tp=275K

cn=2. 271 x 1012 dyne/cm?
ciz=1. 761 x 102 dyne/cm?
cu=0.717x 1012 d 2
k= (0. 00, 0.00, 1.00) x1/a “ yne/cm
l 1 2 3
vi(s™) 0.399(13) 0. 565(13) 0.399(13)
oxl 0. 000 0. 000 1. 000
oyl 1. 000 0. 000 0. 000
0zl 0. 000 1. 000 0. 000
Ai(ecm) 300K 0.749(—9) 0.761(—9) 0.749(—9)
_ 700K 0.113(—8) 0.113(—8) 0.113(—8)
V22 (V/em?) 300K 0. 406(15) —0.837(15) 0. 406(15)
700K 0.921(15) —0.185(16) 0.921(15)
k=(1.00, 0.00, 0.00) x1/a
l 1 2 3
vi(s™) 0.399(13) 0.565(13) 0.399(13)
oxl 0. 000 1. 000 0. 000
oyl 0. 000 0. 000 1. 000
Pzl 1. 000 0. 000 0. 000
Ai(cm) 300K 0.749(—9 0.761(—9) 0.749(—9)
. 700K 0.113(—8) 0.113(—8) 0.113(—8)
Vz:(V/em?) 300K —0.312(14) 0. 419(15) —0.374(15)
700K —0.709(14) 0.927(15) —0. 850(15)

gradient at a probe nucleus in non-cubic crystal is enhanced by Sternheimer’s antishielding enhancement
effect!®). If we can expect some amount of the enhancement of the dynamical electric field gradient by
the antishielding effect even in a cubic crystal, the Vaz value become a detectable order of magnitude for

a probe nucleus having the typical value of the nuclear electric quadrupole moment!”.

This work was performed, using the computer system of Data Processing Center of Kyoto University.
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